The consideration of compact right topological groups goes back at least to a paper of Ellis in 1958, where it is shown that a flow is distal if and only if the enveloping semigroup of the flow is such a group (now called the Ellis group of the distal flow). Later Ellis, and also Namioka, proved that a compact right topological group admits a left invariant probability measure. As well, Namioka proved that there is a strong structure theorem for compact right topological groups. More recently, John Pym and the author strengthened this structure theorem enough to be able to establish the existence of Haar measure on a compact right topological group, a probability measure that is invariant under all continuous left and right translations, and is unique as such. Examples of compact right topological groups have been considered earlier. In the present paper, we give concrete representations of several Ellis groups coming from low dimensional nilpotent Lie groups. We study these compact right topological groups, and two others, in some detail, paying attention in particular to the structure theorem and Haar measure, and to the question: is Haar measure uniquely determined by left invariance alone? (It is uniquely determined by right invariance alone.) To assist in answering this question, we develop some sufficient conditions for a positive answer. We suspect that one of the examples, a compact right topological group coming from the Euclidean group of the plane, does not satisfy these conditions; we don't know if the question has a positive answer for this group.
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COMPACT RIGHT TOPOLOGICAL GROUPS
A compact right topological group (G,T) is a group that is also a compact, Hausdorff, topological space with topology T for which the right multiplications x i-» xy, G -> G are all continuous. The groups that we consider here also have the property that the topological centre
A(G) :-{y £ G | x H-» yx, G -* G is continuous}
is dense in G. This property characterises the compact right topological groups that arise as the Ellis groups of distal flows. There is a powerful structure theorem for such 400 P. Milnes [2] groups [13, 3, 11] . A very simple case of it suffices for the examples we want to consider here. We will assume that (*) G has a smallest compact normal subgroup (L,r) with the properties that the quotient group (G/L,r) is a topological group and the restricted multiplication mapping
We point out that the continuity condition implies that L (as well as G/L) is a topological group, and that we are using r also to denote subspace and quotient space topologies coming from r. An explicit expression for L is L = (^{U^UU^U | U is a neighbourhood of the identity of G}.
See [13, 3, 11] for all these matters. A consequence of the structure theorem (in the present setting and in general) is that G has a Haar measure \i, which we regard as a linear functional on C(G), the C* -algebra of continuous C-valued functions on G. Now fi is (i) a probability measure on G;
a n d L x f(y) = f(xy), as usual.) The probability measure fi is uniquely determined by (ii) [11] and is constructed from the Haar measures \i\ and H2 on the compact topological groups L and G/L. (We remind the reader that Haar measure on a compact topological group is both right and left invariant, is uniquely determined by either of these properties, and is uniquely determined even by invariance under left, or right, translations by all members of a dense subset of the group [6, Chapter IV].) Haar measure fi on G is constructed as follows. For [3] Compact right topological groups 401
Since f -f for / £ CL{G), this definition coincides with the first one given for such functions. Note particularly that the Haar measure on a compact right topological group G is not necessarily uniquely determined by left invariance alone even if A(G) contains an (algebraically) isomorpbic copy of Z that is dense in G [2] .
The theorem which follows gives a setting where Haar measure is the unique left invariant probability measure on a compact right topological group. We need a strong (joint) continuity hypothesis for it, (i) in the next lemma. LEMMA 1 . For a compact right topological group G satisfying (*), the following assertions are equivalent.
PROOF: Recall that L is normal in G, and set
If (i) holds, it follows that u : (x,y) i -> (x,x~1yx), G x I -» G x I i s continuous; since u is 1 -1, it is a homeomorphism. The continuity hypothesis of (*), yields the same conclusion about v: PROOF: Suppose that fi' is a left invariant probability measure on G, fi'(L y f) = /x'(/) for all / 6 C(G) and all y £ A(G). Since A(G) is dense in G, we see immediately that fi' agrees with fi on Ci(G), because left invariance forces the restriction of /x' to
to be just integration with respect to Haar measure (i^ on G/L, which is the definition of fi on CL{G).
Let / G C(G). Bearing in mind the hypothesis L C A(G), we then have '(L v f)dp 1 the fifth equality holding because the continuous automorphism y >-* x~xyx oi L leaves Haar measure /ij on L invariant, and the eighth one holding because / € CL{G) and
The assumption (•) says that we are dealing with group extensions. We need to establish notation for Schreier's analysis of such extensions. Suppose that G\ and G2 are groups, the identity of each of them being denoted by e. Suppose that there is a homomorphism of G2 into the automorphism group of G\, that is, for every t € G2, there is an automorphism a >-> t(s) of G\ (acting on the left). Suppose also that there is a function (t' ,t) *-* [t' ,t] from Gj x G2 -» G i , so that the following conditions are satisfied:
e(a) -8 and [t,e] = [e,t] = e for s £ Gi, t 6 G2, and also [*,«']«'('") = t(t'(s"))[t,S)
and
Note that the function sending t to the automorphism 8 1 -> t(a) of G2 is not necessarily a homomorphism. However, the hypotheses do ensure that the formula
t')(8,t) = (8'f(8)[t',t],t't)
defines a group operation on the set G = G\ x G2 , that G\ x {e} is a normal subgroup isomorphic to G\, and that G/Gi = G2 • We say that G is an extension of G\ by G2 • Further, if G is a group with a normal subgroup G\ and G2 := G/G\, then one can find functions satisfying the conditions above, so that G is canonically isomorphic (algebraically) to Gi X G2 with group operation (1). Because of the asymmetry of continuity in the definition of compact right topological group, we also need the notation for the analogous situation, where G -G\ x G2 is an extension of G2 by G\, that is, G2 is a normal subgroup of G and G\ = G/G2 • In this case, we have automorphisms t H-> (t)s of G2 (acting on the right) and the multiplication formula is (2) {s
',t'){s,t) = (s l 8,[s l ,s}(t')st).
The reader will see how the two forms are needed to deal with the examples. In another paper, we will use the two forms alternately to generalise a construction of Ruppert [16] . A situation in which left and right notations can be used at the same time is that of Zappa products [17, 3] , where a group G has subgroups G\ and G2 with G = GiG 2 = {st I s £ Gi, t £ G 2 } and Gi DG 2 = {e}.
[5]
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Then G is (algebraically) isomorphic to G\ x G2 with operation here the functions s i-» t'(a) = C t i{s) and t' i -> (t')s -(t'),'R. are not necessarily automorphisms or even endomorphisms of G\ and Gi, respectively; however, the maps
are homomorphisms (the group operation in G 1 1 and G 2 ' being composition of functions). The conditions that make the Zappa operation associative are
COROLLARY 3 . Suppose that G\ and G-i. are compact topological groups, and that the product space G := G\ x G2 has multiplication (1), or (2), which makes it a compact right topological group. With (1), Haar measure /x on G is always uniquely determined by left invariance. With (2), L is (isomorphic to) a subgroup of G2, L G {e} x G2, and \i is uniquely determined by left invariance if L C A(G) and t i e action (s,t) I--* (t)a,
is continuous.
PROOF: In setting (1), we have containments L C G\ x {e} C A(G), which follow from the form of L given after (*) and the multiplication formula (1) 
which is continuous, since G\ is a topological group.
In setting (2), L C {e} x Gi and the continuity hypothesis ensures that ((,',t'),(e,*)) » (e,*)(«',t') = (V,(t)5 ( t'), GxL-^G is continuous.
Thus, in both settings, the hypotheses of the theorem have been satisfied, and we get the desired conclusion. D P. Mikes [6] 2. EXAMPLES
We present three examples, identifying (in most cases) the subgroups A(G) and L, and Haar measure, among other things. Some aspects of the first example have been discussed in [7] , of the second and third in [13, 3, 8] , where other examples of compact right topological groups are given.
Let us indicate how we find these compact right topological groups. We start with a minimal distal flow (5, X) and identify S (sometimes a homomorphic image of 5 ) in the natural way with a subset of X x ; then the enveloping semigroup G :-S~ C X x is a compact right topological group with 5 C A(G) dense in G (closure, density, et cetera being in the product topology) if and only if (S,X) is distal. One way of getting such a flow begins with a locally compact topological group S and subgroup H C S such that the quotient space X := S/H is compact. Then (S, X) with action
is always a minimal flow; we don't bother to check specifically for distah'ty in our examples (although this is not hard to do), because the enveloping semigroups turn out to be groups, which implies that the flows are distal. See [5, Chapter 6] (or [3, 1.6.18(e)]) for all this. One task that is always a part of these deliberations is to identify G, which starts out as S~, a usually "small" closed subset of the "large" product space X x , in some more reasonable way. We are unable to complete this task for Example 2, and the problem seems even worse for an example given in Remark 2(iv). 
T'T = (C>,a>, 9 ',h')(<;,a, g ,h) = ( « M^M ) ) . ( . ' + a) mod
the denominators appearing if a' + a ^ 1.
We continue our analysis of this example by observing that the map tl>, which sends (xi,x 2 ,x 3 ) We want to show that L = T x {0} x {1} x {1}, which also equals the centre Z(G) of G. Now
G 5 to T = (C,a,g,h) € G (as above) has kernel Z X {0} X {0}, a normal subgroup of S, and that i/>(S) is dense in G,
that is, a member of x G L can be expressed in the form x -T 1~1 T2T 3 "~1T4, where the T's can be arbitrarily near the identity of G. Bearing in mind that the topology and product for the last three coordinates are not quite what one would expect from the notation, one shows readily nonetheless that these coordinates of x must be arbitrarily near the identity, and so must be the identity. Writing out the first coordinate of T 1~1 T2T S "~1T4 , one sees there are so many variables involved that there is plenty of room to use Kronecker's Theorem [6] and make this coordinate equal to any given £ £ T.
So, for G = T x [0,1) x R AV x "L AV , the compact topological groups of (•) are The natural map
(a',g',h')(a,g,h) = ((a'+ a) modl,g'g,h'h/{
is not a homeomorphism of G onto the product of the compact spaces I = T and
is not a closed subset of G. However, 9 is an algebraic isomorphism of G onto G' with multiplication, as for G in (•), given in Schreier formulation (1); the automorphisms of L coming from G/L are all just the identity (a situation we have called the "trivial homomorphism" case in [8] ((a' )ff ',fc') , whose quotient group G/G\ = R AV is (algebraically and topologically) isomorphic to {1} X {0} x R AV x {1} C G. In Schreier formulation (1), the extension G" := d x G/G x has a somewhat simplified multiplication, the denominator appearing if a + a' ^ 1. However, the algebraic isomorphism
), and the function from (t',t) >-> [t',t], G/L x G/L -* L is given by
is not continuous, and G" is neither right nor left topological. The situation is much the same in Schreier formulation (2).
we will end up with the same compact right topological group G if we start with the Heisenberg group 5' = (S/(Z x {0} x {0}) S) T x R x R with multiplication See [14] for the claims of the last two sentences, especially for the proof that Z~ = G. So, for G = T X E, the compact topological groups of (*) are L = T x {e} = T and G/L = E. As for Example 2, Haar measure /i on G is just the product of the Haar measures on T and E. Furthermore, since G = T x E -G\ X Gi has multiplication in Schreier formulation (1), the corollary tells us that fi is uniquely determined by left invariance. At first glance, it seems strange that there are much larger compact, normal, topological, even abelian subgroups V of G with G/L' a compact topological group. The normal subgroup L' of G permits us to consider G as an extension of V by G/L' = T . Insofar as we have been able to write out the details, it seems that the product in V x T (in either Schreier formulation) and the algebraic isomorphism G -• V x T must be messy algebraically, and very bad topologically; in particular, G is not homeomorphic to the product space I ' x T . However, the method of Section 1 can still be used to express Haar measure /x on G in terms of the Haar measures on the compact topological groups V and T.
